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Abstract: In this paper, the solutions of Navier-Stokes equations with Dirichlet
boundary conditions governing 2-D incompressible fluid flows are considered. A
condition for boundary layer separation, which is determined by initial values and
external forces, is obtained. More importantly, the condition can predict directly
when and where boundary layer separation will occur. The main technical tool is
geometric theory of incompressible flows developed by T. Ma and S.Wang in [14]
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1 Introduction
Boundary layer is the thin flows closed to the surface of the object. The concept
is proposed by Prandtl in 1904. Since then, studying boundary layer becomes an
important topic among mechanics, and there are many results[3],[9],[16],[17],[19].
Prandtl pointed out that boundary layer can be described by Navier-Stokes equa-
tions in [18].
Boundary layer separation is the phenomenon that the original flows closed
to the surface of object go away. It is a very common phenomenon in geophys-
ical dynamics, such as vortex of gulf stream, separation of atmospheric circula-
tion near mountain and the formation of a tornado. There are may researches
[1],[2],[5],[7],[8],[10],[11],[13],[14],[15],[20] on boundary layer separation over the past
one hundred years. However, there is no mathematical theory which can show when
and where boundary layer separation will occur as Chorin and Marsden pointed out
in their book [2].
Our main objective is to get a condition for boundary layer separation, and the
condition is determined by initial values and external forces. That is, we hope that
the condition is observable. We know that boundary layer separation is essentially
the structural bifurcation of the velocity field of fluid flows from[6],[10],[13],[14].
Hence, we should look for the desirable predictable condition by combining Euler
dynamics and Lagrange dynamics.
In this paper, we study boundary layer separation governed by the following
Navier-Stokes equation:
ut + (u · ∇)u = µ4u− 1ρ∇p+ f(x),
divu = 0,
u|∂Ω = 0,
u(x, 0) = ϕ˜(x),
(1)
where ϕ˜(x)|∂Ω = 0, Ω is bounded and open of R2 with boundary ∂Ω, ϕ˜(x) =
(ϕ˜1, ϕ˜2) ∈ C3(Ω;R2) is initial value, f(x) = (f1(x), f2(x)) ∈ C1(Ω;R2) is external
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force.
Our main result is based on analyzing the solutions of (1) and the lemma of
boundary layer separation developed by T. Ma, S.Wang and M.Ghil in [6],[10],[13],[14].
The result in this paper can tell us when and where boundary layer separation will
occur. We can predict when a vortex will appear in the fluid flows.
The paper is organized as follows. In section 2, we introduce preliminaries con-
taining the concept of boundary layer separation, boundary singularity, the lemma
of boundary layer separation and our main theorem. The physical interpretation
related to Theorem 1 will be given in section 3. In section 4, we will give some
examples of physical application of Theorem 1.
2 Preliminaries and the predicable condition
Let Ω be a bounded and open domain of R2. ∂Ω is Cr+1. Cr(Ω) is the space of
all Cr fields on Ω.
Br0(Ω) = {u ∈ Cr(Ω)|divu = 0, u|∂Ω = 0}.
n and τ is the unit normal and tangent vector of ∂Ω, respectively.
We start with some basic concepts.
Figure 1:
Definition 1. [6],[10],[13],[14] Suppose u ∈ Br0(Ω)(r ≥ 2). x¯ ∈ ∂Ω is called a
boundary singularity of u, if ∂uτ (x¯)∂n = 0.
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Definition 2. [6],[10],[13],[14] We call that boundary layer separation governed
by a 2-D vector field u ∈ C1([0, T ];B20(Ω)) occurs at t0, if u(x, t) is topologically
equivalent to the structure of figure 1(a) for any t < t0, but u(x, t) is topologically
equivalent to the structure of figure 1(b) for t > t0. That is, if t < t0, u(x, t) is
topologically equivalent to a parallel flow,and if t > t0, u(x, t) separates a vortex.
Furthermore, we call that boundary layer separation occurs at x¯ ∈ ∂Ω, if x¯ is an
isolated boundary singularity at time t = t0.
The following lemma proved by T. Ma, S. Wang and M. Ghil is necessary for
our result.
Lemma 1. [6],[10],[13],[14] Let u ∈ C1([0, T ];B20(Ω)) be 2-D vector field and x¯ ∈
∂Ω. Boundary layer separation represented by u occurs at (x¯, t0), if there exists
0 < t0 < T such that
∂uτ
∂n
(x, t) 6= 0, t < t0, x ∈ ∂Ω (2)
∂uτ
∂n
(x¯, t) = 0, t = t0, (3)
where x¯ is an isolated boundary singularity of u(·, t0) on ∂Ω.
Choose one party Γ ⊂ ∂Ω. Without loss of generality, we take a coordinate
system (x1, x2) with x¯ at the origin and Γ given by
Γ = {(x1, 0) | 0 < |x1| < δ}
for some δ > 0. Obviously, the tangent and normal vectors on Γ are the unit vectors
in the x1- and x2-directions, respectively.
With ϕ˜(x)|∂Ω = 0 and divϕ = 0, we get
ϕ˜1 = x2ϕ11(x1) + x
2
2ϕ12(x1) + x
3
2ϕ13(x1) + o(x
3
2), (4)
ϕ˜2 = x
2
2ϕ21(x1) + o(x
2
2). (5)
We consider the Taylor expansions of f(x) = (f1(x), f2(x)) ∈ C1(Ω;R2) with
respect to x2
f1 = g0(x1) + x2g1(x1) + o(x2), (6)
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f2 = h0(x1) + x2h2(x1) + o(x2). (7)
Our main result is as followed.
Theorem 1. Suppose ϕ ∈ C3(Ω, R2) and f ∈ C1(Ω, R2), if
0 < min
Γ
−ϕ11
µϕ
′′
11 + 6µϕ13 − 2µϕ′21 + g1 − h′0
<< 1, (8)
then there exist t0 > 0 and x¯ ∈ Γ such that boundary layer separation represented
by the solution of (1) occur at (t0, x¯), where ϕ11, ϕ13, ϕ21, g1 and h0 as (4)-(7).
Proof. u has the Taylor expansion at t = 0,
u = ϕ˜+ tω + o(t2), (9)
where ω = (ω1, ω2) satisfies
ω|∂Ω = 0, divw = 0. (10)
Thus,
ω = (x2ω1 + o(x2), x
2
2ω2 + o(x
2
2)). (11)
Let p = p0 + tp1 + o(t) and p0 = p01(x1) + x2p02(x1) + o(x2).
Substituting u in (1), we get
x2ω1 = 2µϕ12 + µx2
(
ϕ
′′
11 + 6ϕ13
)
− 1
ρ
(p
′
01 + x2p
′
02) + g0 + x2g1 + o(x2), (12)
0 = 2µϕ21 − 1
ρ
p02 + h0 + o(1) (13)
Compare the coefficient on both sides to get
p02 = ρ(h0 + 2µϕ21). (14)
ω1 = µ
(
ϕ
′′
11 + 6ϕ13
)− 1
ρ
dp02
dx1
+ +g1. (15)
Combine (14) and (16) to get
ω1 = µ
(
ϕ
′′
11 + 6ϕ13
)− h′0 − 2µϕ′21 + g1. (16)
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With (9) and (11), we know
∂uτ
∂n
|Γ = ∂u1
∂x2
|Γ
=
∂ϕ˜1
∂x2
+ tω1 + o(t)|Γ
= ϕ11 + t(µϕ
′′
11 + 6µϕ13 − h
′
0 − 2µϕ
′
21 + g1) + o(t)|Γ
Clearly, if t0 = minx1∈Γ
−ϕ11
µϕ
′′
11+6µϕ13−2µϕ′21+g1−h′0
<< 1, we obtain
∂uτ
∂n
|Γ = 0.
Then, there exists one point x¯ ∈ Γ which makes
−ϕ11
µϕ
′′
11 + 6µϕ13 − 2µϕ′21 + g1 − h′0
obtain minmum.
Hence, x¯ is an isolated singularity of u(·, t0) on ∂Ω , and
∂uτ (x¯, t0)
∂n
|Γ = 0.
That is, there exists x¯ which satisfies (3).
Clearly,
∂uτ
∂n
|Γ = ∂u1
∂x2
|Γ
=
∂ϕ˜1
∂x2
+ tω1 + o(t)|Γ
= ϕ11 + t(µϕ
′′
11 + 6µϕ13 − h
′
0 − 2µϕ
′
21 + g1) + o(t)|Γ 6= 0,
if t < t0.
That is, there exists t < t0 which satisfies (2). The proof is complete.
3 Physical interpretation
In the following, we give the physical interpretation related to Theorem 1.
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1. In this paper, we analyze the solutions of the Navier-Stokes equations gov-
erning incompressible boundary layer flows and get the condition (8) for boundary
layer separation. ϕ11, ϕ21, g1, ϕ13 and h0 in the condition (8) are observations.
t0 = minΓ
−ϕ11
µϕ
′′
11+6µϕ13−2µϕ′21+g1−h′0
is the time at which boundary layer separation
occurs. It is x¯ that makes −ϕ11
µϕ
′′
11+6µϕ13−2µϕ′21+g1−h′0
obtain minimum is the position
in which boundary layer separation occurs.
2. The time t0 in Theorem 1 is nondimensional. We should converse t0 to the
dimensional time T0 in practical application.
3. If −ϕ11 and µϕ′′11 + 6µϕ13 − 2µϕ
′
21 + g1 − h
′
0 are linearly dependent, there is
more than one x¯ such that make −ϕ11
µϕ
′′
11+6µϕ13−2µϕ′21+g1−h′0
obtain minimum. That
is, x¯ is not an isolated singularity. However. there is not a possibility that µϕ
′′
11 +
6µϕ13 − 2µϕ′21 + g1 − h
′
0 are linearly dependent in natural phenomena. Here, we
don’t have special emphasis on it.
4. If external force is zero, (8) becomes 0 < minΓ
−ϕ11
µϕ
′′
11+6µϕ13−2µϕ′21
<< 1.
Clearly, if the observational velocity ϕ satisfies 0 < minΓ
−ϕ11
µϕ
′′
11+6µϕ13−2µϕ′21
<< 1,
then boundary layer separation will occur.
4 Application
Example 1. Suppose the airflows near the wing as shown in figure 2(a). (ϕ1, ϕ2)
is the velocity of boundary layer at the bottom of the wing at some time. Let o be
the origin of coordinates in Figure 2(a). (ϕ1, ϕ2) has the Taylor expansion at o = 0,
ϕ1 = (v0 − 2αx1 − βx21 + o(x21))x2 + o(x2), (17)
ϕ2 = (α+ βx1 + o(x1))x
2
2 + o(x
2
2), (18)
where x1 is horizontal axes, x2 is vertical axes , v0 is the speed of the wing and β is
the decay rate of the velocity representing the frictional force. Physically, β is has
a relation with the velocity of airplane as β = γvk0 (k > 1).
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(ϕ1(0, x2), ϕ2(0, x2)) = (ϕ1(0, x2), 0) means α = 0. For the boundary layer at
the bottom of the wing, we know that
ϕ11 = v0 − βx21 + o(x21), ϕ
′′
11 = −2β, ϕ
′
21 = β,
ϕ13 = g1 = h
′
0 = 0.
Then
−ϕ11
µϕ
′′
11 + 6µϕ13 − 2µϕ′21 + g1 − h′0
=
−v0 + βx21 + o(x21)
−4µβ =
v0
4µβ
− x
2
1
4µ
+ o(x21).
Obviously, we get
0 <
v0
4µβ
− x
2
1
4µ
+ o(x21) << 1.
For any s <
√
v0
β =
√
1
γvk−10
and x1 ∈ (0, s],
0 <
v0
4µβ
=
1
4µγvk−10
<< 1, (19)
for the velocity v0 of airplane is large.
Hence, we obtain
min
0<x1≤s
−ϕ11
µϕ
′′
11 + 6µϕ13 − 2µϕ′21 + g1 − h′0
≈ min
0<x1≤s
1
4µγvk−10
− x
2
1
4µ
(20)
(20) means that a vortex will appear in the boundary layer at time
Ts =
1
4µγvk−10
− s
2
4µ
. (21)
The vortex is at x1 = s. (21) means that Ts1 < Ts2 for s2 < s1.
With (20) and (21), we can get the following conclusions.
1. There will be many vortices near x1 = 0 in a short time, if the velocity v0 of
airplane is very large.
2. The vortices occur in different position near x1 = 0 at different time.
3. The vortex occur in x1 = s1 more early than in x1 = s2, if s1 > s2.
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Figure 2:
Example 2. Suppose current drift as shown in Figure 2(b) at some time. f =
(f1, f2) is the strength of sea wind. ϕ is the velocity of the current drift. (−δ, δ) is
one part of coast.
Let o be the origin of coordinates in Figure 2(b). Here, we take
f1 = − 1
2δ + x1
(22)
f2 = −1
2
x21 + 2δx1 + 5δ
2 (23)
ϕ1 =
θ
2δ + x1
x2 (24)
ϕ2 =
θ
2(2δ + x1)2
x22, (25)
where x1 is horizontal axes, x2 is vertical axes.
Substituting (22)− (25) in (8), we get
0 <
−ϕ11
µϕ
′′
11 + 6µϕ13 − 2µϕ′21 + g1 − h′0
=
θ(2δ + x1)
2
(2δ + x1)3(−x1 + 2δ)− 4µθ
<
9θ
δ2
<< 1(δ >> 1) (26)
With (26), we obtain
min
−δ<x1<δ
θ(2δ + x1)
2
(2δ + x1)3(−x1 + 2δ)− 4µθ
≈ min
−δ<x1<δ
θ
(2δ + x1)(−x1 + 2δ) =
θ
4δ2
(27)
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(27) means that the current drift as shown in Figure 2(b) will separate a vortex
at time T = θ4δ2 , and the vortex is at x1 = 0.
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